Abstract. In this paper, we prove a fixed point formula for flat bundles. To this end, we use cyclic cocycles which are constructed out of closed invariant currents. We show that such cyclic cocycles are equivariant with respect to isometric longitudinal actions of compact Lie groups. This enables us to prove fixed point formulae in the cyclic homology of the smooth convolution algebra of the foliation.
Introduction
Index theory has gained ground during the last ten years and the appearance of the non-commutative-geometry point of view has opened up the way to encompass new singular spaces [16, 18, 19, 21, 34, 12, 11, 32, 27, 31, 8] . Among these spaces, the space of leaves of a compact foliated manifold plays a central role and appears in a decisive way in the understanding of innumerable problems; see, for instance, [22] and also [10] .
For foliations, the index theorem has been proved by Connes and Skandalis in [13] and [20] . In this last paper, the authors proved that the index of a longitudinal elliptic pseudodifferential operator on a compact foliated manifold is an analytic class that lives in the K-theory of the C * -algebra of the foliation. Moreover, they computed this class in topological terms by using shrieck maps between spaces of leaves. The index formula obtained in this way thus takes place more precisely in the K-theory group of the smooth convolution algebra of the holonomy groupoid of the foliation. In order to deduce scalar index formulae, one is then led to the definition of the Chern character for noncommutative algebras [17] . More precisely, Connes has succeeded in defining the cyclic cohomology as a counterpart for de Rham homology, and he proved its pairing with K-theory. This pairing then enabled him to go further and to prove scalar universal index formulae for longitudinal elliptic operators in the presence of cyclic cocycles on the smooth convolution algebra of the holonomy groupoid, see [16, 15] .
For general foliations, such formulae are very deep and remain at present far from understood. On the other hand, the recent discoveries concerning the link between the measured index theorem for flat bundles and the Atiyah-Patodi-Singer eta invariant [3] , proved by Douglas, Hurder and Kaminker in their fantastic paper [22] , have reinvigorated the index theory of flat bundles. It then became urgent to investigate more systematically the Connes cyclic index formula in this first enlightening example. The computations in this case were carried out by Nistor in [32] and more recently by Jiang in [27] .
From the beginning of the index theory, the equivariant versions of many index formulae gave interesting applications to fixed point formulae or to rigidity with respect to compact Lie group actions, and also produced fruitful integrality results [5, 4, 2, 35, 24, 25, 6, 7] . For foliations for instance, one obtains equivariant versions of the Connes-Skandalis index theorem [6] and also equivariant versions of the measured index theorem [14, 24] . The goal of the present paper is to prove a higher cyclic fixed point formula for flat bundles, by using higher cyclic cocycles on the smooth convolution algebra of the horizontal foliation.
Let M be a smooth compact manifold and denote by Γ the fundamental group of M . Assume that there exists a locally free action of Γ by diffeomorphisms on a smooth compact manifold T . Then we can define the suspension V =M × Γ T of this action, which is the total space of a flat bundle V → M over M . The flat connection enables us to endow V with a smooth foliation F . Assume now that g is an isometry ofM × T with respect to a Γ-invariant metric, which is the lift of some leaf-preserving isometry g of V . The first problem that we solve here is the definition of the Lefschetz number ofg with respect to any elliptic Γ-invariant longitudinal operator and any Γ-invariant current on T . This result generalizes the previous ones obtained in the nonequivariant case [27] , and we recover the Connes cyclic index map evoked above when g is the identity map [16] . The computation of the Lefschetz number in terms of topological data over the fixed point manifold in the spirit of [5, 4] is then obtained by using Haefliger's integration along the leaves together with the K-theory Lefschetz theorem as proved in [6] . The formula thus obtained gives information on foliated Lefschetz numbers for noncompact manifolds that Γ-cover compact ones; this is in the spirit of [1] .
Let us describe now more precisely the results of the present paper. Given a Γ-invariant current C and using Haefliger's integration along the leaves [23] , we construct a cyclic cocycle τ C over the smooth convolution algebra C ∞ c (G) of the holonomy groupoid G of (V, F ). Denote by G the compact Lie group generated by g. A very simple remark on the existence of a G-equivariant representative of τ C enables us to prove a pairing between the de Rham homology class of C and the G-equivariant K-theory group of the smooth algebra C
Review of the K-theory Lefschetz theorem
We shall recall in this first section some basic results pertaining to the equivariant index theory for flat bundles. Our references are mainly [20, 16] and, for the equivariant case, [6] . Since we shall only need the longitudinal index theorem for flat bundles or transverse closed submanifolds of such bundles, we restrict ourselves to this geometric situation.
Let M be a smooth compact manifold and let Γ be the fundamental group of M . We denote byM the universal Γ-cover of M . Let T be a smooth compact manifold, and assume that we are given a (locally free) smooth action : Γ → Diff(T ) of Γ in the diffeomorphism group of the manifold T . Then we consider the smooth compact manifold V :=M × Γ T which is the quotient of the product manifold M × T by the free and proper action of Γ on the right given for γ ∈ Γ and for any (m, t) ∈M × T by (m, t)γ := (mγ, (γ −1 )(t)).
The smooth manifold V then fibres over the smooth manifold M so that the typical fibres are copies of the manifold T . We thus have a commutative diagram of fibrations:
− −−− → M where π and p 0 are quotient projections with respect to the action of Γ and p is the fibration projection induced by the first component projection on the left of the diagram. In addition, we have a well-defined smooth foliation on the compact manifold V with leaves given by the projections under π of the submanifoldsM ×{t} when t runs through T . We shall denote by F the longitudinal bundle of this foliation, i.e., the tangent vector bundle to the leaves. The total space of this bundle is more precisely given by
where TM is the Γ-equivariant tangent vector bundle to the manifoldM . Here the action of Γ on TM × T is the diagonal one. The leaves of this foliation are transverse to the fibres of the fibration p : V → M and we get in this way a foliated bundle (V, F, M ).
We denote by G the smooth groupoid: We shall denote by ν the transverse vector bundle of (V, F ) defined as the quotient vector bundle ν := T V/F . Let T vert V be the vertical tangent bundle of the fibration
Then T vert V is a supplementary vector bundle of the longitudinal bundle F and is therefore isomorphic to ν. The total space of T vert V can also be defined as the quotient manifold ofM × T T by the diagonal action of Γ. The action of the group Γ on T (T ) is as usual by the differentials of . We assume for simplicity in the whole paper that the manifoldM is orientable and oriented, so that the foliation (V, F ) is oriented. Let E be a smooth Z 2 -graded vector bundle over V and denote byẼ the pullback of E toM × T . SoẼ is a Γ-equivariant vector bundle over the Γ-manifold M × T . The restriction ofẼ to the subspacesM × {t}, t ∈ T enables us to define ψ m (M ×T ,Ẽ) as the space of smooth families (P t ) t∈T of classical pseudodifferential operators onM , of order m ∈ Z, with coefficients inẼ. Hence the union
is a filtered algebra for the composition of pseudodifferential operators overM with coefficients inẼ. This algebra fibres smoothly over the compact manifold T (the space ψ ∞ (M × T ,Ẽ) being endowed as is customary with the topology of kernels, see [33, 29] ). The group Γ then acts naturally on ψ ∞ (M × T ,Ẽ) by algebra automorphisms.
Definition 1.
A longitudinal pseudodifferential operator of order m on (V, F ) with coefficients in E is a smooth section
such that for any γ ∈ Γ,
where γ · P t is the operator obtained from P t by conjugation, using the actions of Γ onM × T andẼ.
We shall call such an operator a Γ-invariant operator for short. So for any t ∈ T , the operator P t is a pseudodifferential operator of order m ∈ Z with coefficients iñ E|M ×{t} . The principal symbol σ(P ) of the longitudinal pseudodifferential operator P is defined as the smooth map t → σ(P t ) that assigns to t ∈ T the principal symbol of the pseudodifferential operator P t . So σ(P ) is a section of the bundle End(π
M → T ×M is the projection. The section σ(P ) is, in addition, smooth and positively m-homogeneous, i.e.,
A longitudinal pseudodifferential operator P on (V, F ) is elliptic if, for any t ∈ T , the operator P t is elliptic, i.e., if for any t ∈ T the principal symbol σ(P t )(m, ξ) of P t is an automorphism ofẼm ,t for any (m, ξ) ∈ T * M M . By the Schwartz theorem, we can associate to any longitudinal pseudodifferential operator P a distributional kernel that is a smooth family (k t ) t∈T , where k t is the Schwartz kernel of P t acting overM . Since P is Γ-invariant in the sense of Equation (1), this Schwartz kernel yields a distributional section k over the groupoid G, well defined by the equality:
k[m,m , t] := k t (m,m ). The pseudodifferential operator P will be called a compactly supported pseudodifferential operator if the distributional kernel of P is compactly supported as a distributional section over G. We denote by ψ m (V, F ; E) the space of compactly supported longitudinal pseudodifferential operators of order m ∈ Z, on (V, F ), with coefficients in E.
This ideal can be identified under the Schwartz isomorphism, with the smooth convolution algebra C ∞ c (G, End(E)) of the groupoid G, see [33] . Hence we have an exact sequence:
where A(V, F ; E) is the quotient algebra of longitudinal complete symbols. The parametrix construction in the smooth manifoldM easily shows that if P ∈ ψ ∞ (V, F ; E) is elliptic, then its class in A(V, F ; E) is invertible and defines a homotopy class in K 1 (A(V, F ; E)) that coincides with the class [σ(P )] of the principal symbol. See also [14] . Definition 2. The index Ind(P ) of the longitudinal elliptic pseudodifferential operator P is defined as the image under the boundary map
of the homotopy class of the principal symbol.
In the above definition, we have used the Morita equivalence between the two algebras C ∞ c (G, End(E)) and C ∞ c (G) to view the index class Ind(P ) as an element of the K-theory of the smooth convolution algebra C ∞ c (G). We also point out that any fibre of the fibration V → M is a complete transversal for the foliation (V, F ). Therefore, the algebra C ∞ c (G) is also Morita equivalent to the crossed product algebra C ∞ (T ) Γ. The image of the index of P in the K-theory of the completion C * -algebra C(T ) Γ can be computed by using Kasparov's theory, see [10] .
Let nowg be an isometry ofM × T for some Γ-invariant Riemannian metric onM × T , which preserves the longitudinal bundle TM × T overM × T and induces an isometry g of V . More precisely, we fix an automorphism β of Γ so that the action ofg is equivariant up to the shift by β. We denote by G the compact Lie group generated by g in the group of isometries of V for the induced metric. The compact Lie group G then acts on the foliated bundle (V, F ) by F -preserving isometries. Therefore, G sends each leaf of (V, F ) to a leaf of (V, F ). The action ofg induces a diffeomorphism α(g) on the compact manifold T . Moreover, we are given, for any t ∈ T , a diffeomorphism g(t) ofM , so that the induced action of g on V can be written as:
Therefore, we have the following equivariance relations:
The simplest example of such a diffeomorphismg ofM ×T is when β is the identity automorphism of Γ, say wheng is equivariant for the action of Γ. In this case, the equivariance relations become
In practice, it is often true that an isometry of V can be induced by a Γ-equivariant isometry ofM × T , but not always. What can be insured is the β-equivariance relations (2) for some automorphism β of Γ. We point out that only exterior automorphisms are consistent in this discussion. More precisely, when β is an interior automorphism, one can modify the map t → g(t) to get the allowed equivariance property (3). This is true, for instance, when the isometry g is assumed to preserve the leaves of (V, F ), see Section 3.
In the above discussion, we have dealt with a single isometry g, but once the lift g of g is fixed, the lifts of the powers of g are defined to be the powers ofg. Remark 1. In the more general case of an action of a not necessarily cyclic group H, the choice of a lift of the action can be done by fixing a homomorphism β : H → Aut(Γ), say an action of H on Γ. This lifted action can be taken to be Γ-equivariant if β(H) is a subgroup of the group Int(Γ) of interior automorphisms of Γ.
where
) and where we have used the action ofg onẼ to get an element ofẼ (m,t) . Note that when P is Γ-invariant in the sense of Equation (1), g.P is also Γ-invariant. In the same way, when the pseudodifferential operator is a regularizing operator P , so is g.P . In particular, we have a well-defined action of G on the smooth groupoid G given more precisely by
. The pseudodifferential exact sequence described above can be used by means of the boundary map in G-equivariant K-theory to associate to any longitudinally elliptic [13] enables us to view the G-index as an equivariant K-theory class of C * (V, F ). Note that the Haar system on G used here in the definition of the C * -algebra C * (V, F ) is simply given by a Γ-invariant Lebesgue measure fixed onM and G 1 -invariant, where G 1 is the dense subgroup of G composed of powers of g. We also denote the index class of P in K G (C * (V, F )) by Ind G (P ) for simplicity. We denote by R(G) the representation ring of G. The ring R(G) can also be described by using characters. Since the group K G (C * (V, F )) is obviously endowed with the structure of an R(G)-module, we can localize it with respect to any prime ideal of R(G). We shall concentrate on the prime ideal corresponding to the element g, say the set of characters that vanish at g, and we denote by R(G) g the ring of such fractions, we also denote, for instance, by
) g is called the Lefschetz class of g with respect to P and denoted by L(g; P ). So
This definition is inspired from the usual definition of the Lefschetz class and the Lefschetz number for manifolds, see [5] . When the manifold T is reduced to a point, we obtain a Lefschetz class that belongs to the module [16, page 233 ]. Morita equivalence enables us then to view the Lefschetz class of a Γ-equivariant isometry of the universal coverM as an element of the tensor product module K(C * red Γ) ⊗ R(G) g , where C * red Γ is the reduced C * -algebra of the discrete group Γ. When T is not reduced to a point, our Lefschetz class takes into account the longitudinal and the transverse structure of the foliated manifold (V, F ). Now letX be the subset ofM × T of those couples (m, t) that satisfy
ThenX is a disjoint union over the conjugacy classes [γ] of γ of subsetsX [γ] corresponding to elements α belonging to [γ] , and which are globally Γ-invariant. Note that the subspacesX andX [γ] are smooth closed submanifolds ofM × T , whereX [γ] is, for instance, the inverse image under the projection of the fixed point submanifold V G of G or g, acting on V . Assume as is customary that V G is transverse to the leaves of F [25] and denote by F G the integrable vector bundle
The manifoldX is a foliated manifold that is endowed with a free and proper action of the discrete group Γ and another action of the compact Lie group G. Recall that transversality means that the dimension ofX is ≥ dim(T ) and that for any (m, t) ∈X, we have
We denote by A G the projection ofX in T . The transversality assumption then implies that the Γ-space A G is a clopen submanifold of T . The leaves of the foliation ofX are the intersections ofX with the leavesM × {t} ofM × T . Each connected component ofX is therefore endowed with a foliation FX of constant dimension. The quotient foliation of FX with respect to the action of Γ is then exactly (V G , F G ). We have again a commutative diagram of projections:
where B G is the projection ofX inM . Note that the normal vector bundle N G to F G is the quotient under the corresponding action of Γ of a normal vector bundle NX to FX inX, with respect to the (Γ, G)-invariant metric onM × T . We shall denote by G X the Lie groupoid
Now, the space of pseudodifferential operators along the fibres of the fibratioñ X → A G with coefficients in a given Γ-equivariant Z 2 -graded vector bundleẼ over X is itself a well-defined Γ-equivariant bundle over A G . A smooth section of this bundle, i.e., a family pseudodifferential operatorP := (P t ) t∈A G on the fibratioñ X → A G that is elliptic along the fibres and Γ-invariant in the sense of Equation 1 is, by definition, a longitudinally elliptic pseudodifferential operator P on the compact foliated manifold (
the space of such family operators and by
, then we have again a short exact sequence:
The Schwartz theorem enables us to identify the ideal ψ −∞ (V G , F G ; E) with the smooth convolution algebra C ∞ c (G X ; End(E)). Therefore, and using the boundary map in K-theory as we did for the flat bundle (V, F ), we define the equivariant Gindex Ind G (P ) of a longitudinally elliptic pseudodifferential operator P on (V G , F G ) to be the image under this boundary map and the Morita equivalence, in the group
) of the principal symbol σ(P ) of P . We point out that the principal symbol σ(P ) of P also defines a homotopy class in
is isomorphic to the equivariant K-theory of the crossed product algebra C ∞ (A G ) Γ. Therefore, using the clopen inclusion of A G in T together with the Morita equivalences, we can view the G-index of any longitudinally elliptic pseudodifferential G-operator P F ) ). We are now in position to state the Lefschetz theorem:
More precisely, we have the following Lefschetz formula:
In the RHS of the formula in Theorem 2, the fraction means that the class
and the expression Ind ⊗R(G) g means that we have used the identifications
The first nontrivial application of such a theorem concerns the existence of fixed points under the action of G. Since the K-theory groups which are involved are not easy to compute in general, we need to construct additive maps from the Gequivariant K-theory of the algebra C ∞ c (G) to the scalars, which in addition must agree with the localization at the prime ideal associated with g, used in Theorem 2.
Invariant currents and cyclic cocycles
This section is devoted to the construction of a morphism from the de Rham homology of invariant currents on the smooth compact manifold T to the cyclic cohomology of the smooth convolution algebra of the Lie groupoid G described in the previous section. This construction admits an independent interest and should give applications in relation, for instance, with the results of Hurder, Kaminker and Douglas on foliated bundles [22] .
Let again (V, F ) be the foliated bundle defined in the previous section. We denote by Ω k (T ) the space of differential k-forms on the manifold T . So Ω k (T ) is endowed with a smooth action of the discrete group Γ corresponding to the pullback of differential forms. A transverse compactly supported differential k-form on the groupoid G is a smooth Γ-invariant section of the bundle Λ(ν * ) of exterior powers of the transverse bundle ν, with Γ-compact support. This means that when viewed as a smooth section over G, the differential form is compactly supported. If we denote by π 2 the projection ofM ×M × T onto T , then a transverse compactly supported differential k-form on G corresponds bijectively to a smooth section over the groupoidM ×M × T of the vector bundle π * 2 Λ k (T ) that is Γ-invariant with Γ-compact support. In the same way, for any F -transverse distribution H over V , we can view a transverse differential form as a smooth Γ-invariant section over G of the bundle r * Λ(H * ), which has Γ-compact support. While the "best" realization of the transverse bundle seems to be given by the vertical tangent bundle to the fibration V → M , this transverse distribution will not be equivariant for longitudinal Lie group actions in general. Therefore, we need to work with a transverse distribution H, which is not necessarily integrable for instance. Recall that the holonomy pseudogroup of the foliated manifold (V, F ) acts by local diffeomorphisms between transversals to F . A holonomy-invariant current corresponds to a family of currents (C T ) T where T runs through the transversals of (V, F ), which is invariant under the action of the holonomy pseudogroup. For more details about holonomy-invariant currents, we refer the reader to [23] .
Lemma 1. Any closed Γ-invariant k-current C on the manifold T yields a holonomy-invariant current on the foliated manifold (V, F ).
Proof. We fix a fibre T of the fibration V → M ; so T is transverse to the leaves of (V,
If γ is another path drawn in a leaf and whose holonomy diffeomorphism sends T onto some open submanifold T γ of T and the differential form ω onto ω , then we can easily assume that the source of γ coincides with the source of γ and construct a path in a leaf whose source and range belong to T , and whose holonomy local diffeomorphism sends T γ onto T γ and ω onto ω . But this last local diffeomorphism is given by some element of the group Γ; therefore, the Γ-invariance of C shows that C T is a well-defined current on T . It is a consequence of the definition of the currents (C T ) T that they yield a holonomy-invariant transverse current on the foliated manifold (V, F ).
A classical construction enables us now to associate to any holonomy-invariant transverse current on (V, F ) and any transverse distribution H, a cyclic cocycle on the smooth convolution algebra C ∞ c (G). More precisely, we set [16] :
The graded space Ω * = k≥0 Ω k is then endowed with the structure of a graded algebra defined by
We have used in this definition the action of the groupoid G on the vector bundle 
We can even assume that the transversal T := i T i is a smooth (disconnected in general) transverse submanifold of V . Then T cuts all the leaves of (V, F ). Now if ω is a smooth differential form on the groupoid associated with the trivial foliation of W i , then we can integrate the restriction of ω to the unit manifold, on the plaques of W i and obtain a smooth differential form α on T i . Evaluation of the holonomyinvariant current C T associated with C and constructed above, on the differential form α yields a pairing of C with ω. A partition of unity argument then enables us to construct the Haefliger map [23] :
If we denote by φ H the composite of φ
H is independent of the choices fixed in its definition, see [23] . Here we have denoted by Ω k (H/F ) the quotient space of Ω k (T ) by the (nonclosed in general) subspace generated by elements h * ω − ω where h is a local holonomy diffeomorphism on T and ω is a smooth compactly supported differential form on T . The notation Ω k (H/F ) is made legitimate by the fact that if we change T into some other complete transversal T that is tangent to H, then the quotient spaces are naturally isomorphic; see again [23] .
By using a connection on the vector bundle H, one constructs locally a differential on the sections of the exterior powers Λ(H * ). By using a partition of unity, we get in this way a global differential d H on V . The same construction over the groupoid G yields a differential that we shall also denote by d H . Note that G is also endowed with a foliation F G whose leaves are the projections in G of the submanifoldsM ×M × {t} ofM ×M × T when t runs through T . The de Rham differential on the manifold G thus splits with respect to the transverse distribution H into [34] : 
Proof. (i) For ω ∈ Ω j and for ω ∈ Ω j , we need to show that
If this equality is proved, then we simply observe that for any (ω,ω )
where the commutators are graded ones. Now let us prove Relation (4). Fix then ω ∈ Ω j and ω ∈ Ω j . We can assume that ω is supported inside a trivial chart of G. More precisely, we can assume that ω is supported in an open subset of G of the type W i × γ W j , where W i U × T i and W j U × T j are two distinguished charts for the foliation (U × T , F ) and where W i × γ W j denotes the subset of paths near the path γ with source in W i and range in W j and drawn inside a tunnel around γ [14] . The holonomy local transformation of γ is defined on W i and identifies any transversal inside W i with a transversal inside W j . The chart W i × γ W j of G is then diffeomorphic to U × U × T i by using the holonomy local transformation associated with γ. Therefore, we have (ωω )(x) = 0 if x ∈ W j and for x ∈ W j and using the trivializations, we can write with an abuse of notation: w, w , t) )dw.
In the same way, we get (ω ω)(x) = 0 if x ∈ W i and for x ∈ W i , we have w , w, t) )dw .
Therefore, we obtain w , w, t) )dw dw.
Hence we see that as compactly supported differential forms on the transversal T i in W i and the transversal T j in W j respectively, we have
where ϕ γ is the holonomy transformation induced by the fixed path γ. Thus the proof of (i) is complete.
(ii) The computation of Tr Θ •d for a (k − 1)-homogeneous elementω ofΩ gives
On the other hand, if i * is the restriction to the unit manifold G (0) = V , then it is easy to deduce from the definitions that with respect to the splittings over G and over V corresponding to the same distribution H, we have
But one can also easily check that [23] :
Therefore, we can deduce that
and finally,
22 Θ).
Theorem 3. Any Γ-invariant closed k-current C on T and any transverse distribution H induce a cyclic k-cocycle τ
k+1 by Connes' formula:
where d is the differential constructed above, out of the transverse differential d H .
Proof. We shall use the graded algebraΩ. We thus define for
Because the current C is closed and using Proposition 1, we deduce that the map
is a graded trace onΩ. This trace is, in addition, closed; so we deduce by classical arguments that τ H C is a cyclic cocycle on the algebra C ∞ c (G), see [17] .
Longitudinal equivariance of invariant currents
In this section, we shall prove that any even cyclic cocycle on the algebra C ∞ c (G) that arises from some Γ-invariant closed current on T and a G-equivariant transverse distribution, admits a well-defined pairing with G-equivariant K-theory and localized G-equivariant K-theory. Because the pairing obtained in the present section is a general phenomenon, we shall remove the condition used in Section 1 that G is topologically cyclic. Therefore, and in this section only, we shall suppose that G is a compact Lie group that acts by F -preserving isometries on V and that G 1 is any subgroup that acts by leaf-preserving isometries. Our case of interest corresponds as in Section 1, to G 1 being the dense subgroup of powers of g, where g is now assumed to preserve the leaves.
Hence, we are given a lift toM × T of the action of G 1 , which is defined by a group homomorphism β from G 1 to the group Aut(Γ) of automorphisms of Γ. In Section 1, this homomorphism was completely determined by its value at g, and we denoted by β the value atg. So, any g ∈ G 1 is induced by a smooth diffeomorphism g ofM × T and is a leaf-preserving diffeomorphism. Therefore,g is defined bỹ
where g : T → Diff(M ) is a smooth map from T to the diffeomorphism group of the manifoldM and α is a smooth action of G 1 on T . Now since the group G 1 preserves the leaves, the action α is actually given by • δ where δ is some homomorphism from G 1 to Γ. Therefore, and using the β-equivariance ofg, see Equation (2), we deduce that we can assume that β takes values in inner automorphisms of Γ. More precisely, we can assume that
This discussion shows that if we replace the map g : T → Diff(M ) which defines the action ofg, by the map
then we get a Γ-equivariant lift of g. To sum up, in the case where g preserves the leaves and replacing g(t) by g (t) if necessary, we can choose a Γ-equivariant lift of g given bỹ
This means that we can take β(g, γ) = γ for any (g, γ) ∈ G 1 × Γ. Hence the action can be reduced to an action in the leaf direction by means of the smooth map g : T → Diff(M ) which is Γ-equivariant and α can be taken to be equal to the trivial action. Under these assumptions, we can now define smooth diffeomorphisms of the manifold G by setting
These diffeomorphisms induce automorphisms of the algebra C ∞ c (G) Ω 0 . We fix again a Γ-invariant Lebesgue measure dm onM that is, in addition, G 1 -invariant. We then define all the integrals with respect to this measure. We denote by g k, by k g and by gk the respective induced actions of g on k ∈ Ω 0 . So we set, more precisely,
The measure dm onM induces a Haar system on the groupoid G. Since dm is invariant under the action of the Lie group
is unitary and satisfies
Therefore, the action of
In the above relations, π denotes, for any x ∈ V , the regular representation of C ∞ c (G) corresponding to x in the L 2 space of the manifold (G x M , dm). We fix as in Section 1, a G-invariant metric on V , obtained for instance by averaging a given one with respect to the normalized Haar measure of G. The orthogonal distribution to the longitudinal vector bundle F in T V with respect to this metric is then a transverse distribution that we denote by H. We then denote by Ω * the graded differential algebra associated with H and byΩ * the associated one constructed in Section 2. Note that for any ω ∈ Ω * , a new differential form g ω ∈ Ω * is defined by setting
Remark 2. Instead of fixing the measure dm onM , we could use half-densities. Then we simply use the action on the vector bundle |Λ| 1/2 (F ) of longitudinal halfdensities over V , see also [7] .
We deduce that, in restriction to any transversal
is exactly given by g, we deduce from the above computation that the class φ 
Proof. Recall that H is the orthogonal bundle to F in T V with respect to a Ginvariant metric on V . Therefore, the vector bundle H is invariant under the action of G 1 . As a simple consequence, we deduce that for any
Note that if we choose a small transversal around [m, t] in V that is tangent to H and use it to define a local chart, then the action of g becomes (u, t) → (ϕ g (u), t) with ϕ g independent of the transverse variable t. 
Therefore, we finally get
We then apply the holonomy-invariant current induced by C to complete the proof.
Remark 3. The above proof simplifies noticeably when the action of g does not depend on the variable t ∈ T . In this case, one can take the integrable transverse distribution given by the vertical tangent bundle to the fibration V → M .
A cochain that satisfies the equivariance relation of Theorem 4 for any g ∈ G 1 , will be called G 1 -equivariant, compare [28] .
Let now κ : G → End(X) be a finite-dimensional unitary representation of the compact Lie group G. We define for any elementary tensor k⊗T ∈ C ∞ c (G)⊗End(X) and any g ∈ G 1 :
If τ is a cyclic k-cocycle on the convolution algebra C ∞ c (G), then we obtain a cyclic k-cocycle τ Tr on the algebra C ∞ c (G) ⊗ End(X) by setting [17] : Then the following properties hold: Assume now that u is a G-invariant invertible element of the algebra A := (C ∞ c (G) ⊕ C) ⊗ End(X) and let ρ : A → A be conjugation by u in A. By Lemma 3 below, we know that there exists a cyclic odd cochain ϕ on A such that
, and which is, in addition, G 1 -equivariant. Therefore, we deduce from the definition of the Hochschild coboundary b and using that e is G-invariant, the relation:
e, · · · , e).
In other words, the terms in bϕ cancel each other out, except the last term. But
Hence, we can deduce that bϕ(e g , e, · · · , e) = 0 and so that
C , e , ∀g ∈ G 1 . Now by classical K-theory techniques, we can easily deduce from the above discus-
only depends on the G-equivariant K-theory class x. We get in this way a group morphism:
(τ
2k ) is closed for any idempotent e and any k ≥ 0. More precisely, define U := 2e − 1. Then U 2 = 1 and we have
Therefore, and since ψ H Θ is tracial, we get ψ
If now C = dC with C a Γ-invariant current, then from the definition of the cyclic cocycle τ H dC , one thus deduces that (τ g C ) * (x) = 0. assumed orientable and oriented for simplicity. The longitudinal vector bundle F is then oriented by the induced orientation. We denote again byX the smooth transverse submanifold ofM × T defined in Section 1 and whose projection in V coincides with the fixed point submanifold X = V G of G. Since the cyclic index theorem for the compact foliated manifold (V G , F G ) will be used in the sequel, we proceed now to recall it for the convenience of the reader. The main references are [16, 15, 32, 27] .
In order to get an explicit geometric computation of the index of a longitudinally elliptic pseudodifferential operator P on (X, F X ) by a universal formula, one uses the pairing of K-theory with cyclic cohomology and the more computable image of Ind(P ) under the pairing with some cyclic cocycle on the algebra C ∞ c (G X ). In the case of cyclic cocycles arising from Γ-invariant closed currents on T as studied in the previous sections, we get a cyclic index
Let us first treat the case where X = V , say when the fixed point submanifold V G is obtained by suspension of an action of Γ. So, let T × Γ T * M be the total space of the colongitudinal bundle of the foliation (V, F ). Since the pseudodifferential operator P is elliptic, its principal symbol defines, by classical K-theory arguments, a class [σ(P )] in the (compactly supported) K-theory group K 0 (T × Γ T * M ) [4] . One then uses the Chern character Ch to send [σ(P )] into a compactly supported rational cohomology class
Integration along the fibres of the oriented fibration
then yields a cohomology class π F ! Ch[σ(P )] ∈ H * (V, R), which is represented by a Γ-equivariant differential form onM ×T . The cyclic index theorem then relates the analytic C-index Ind C (P ) of the operator P defined above with some C-integral of the geometric class π F ! Ch[σ(P )]. More precisely, let φ be the integration along the leaves constructed in Section 2 but with H being the vertical distribution of the fibration p : V → M . Then we can state more precisely:
Theorem 6. [32, 15, 27] Under the above notation and for any even closed Γ-invariant current C on T , the following Atiyah-Singer formula holds:
where Td(M ) is the Todd class of the vector bundle T M ⊗ C and p : V → M is the projection. The sign in the index formula depends on the normalization of the Chern character, see [4] .
Note that π F ! Ch[σ(P )]p * Td(M ) is a cohomology class of a Γ-equivariant differential form onM × T so that the RHS in the index formula makes sense. One can use any transverse distribution H to define the LHS Ind C (P ) of the index formula; only the class of the cyclic cocycle τ H C in cyclic cohomology is really involved. We shall need a slight modification of the index formula of Theorem 6. More precisely, we need to deal with the closed submanifold X = V G of V , which does not arise necessarily from a Γ suspension as before. LetX be the smooth closed submanifold ofM × T defined in Section 1 and which is everywhere transverse to the leavesM × {t} and globally Γ-invariant. solutions of P t are nontrivial for a C-nontrivial subset of T . Therefore, this number carries precious analytic information that we shall compute in topological terms.
We keep the notation of Section 1. The equivariant class of the principal symbol of P can then be restricted to a class i * [σ(P )] ∈ K G (F G, * ). We can define evaluation x → x(g) at g for any x ∈ K G (F G, * ) K(F G, * ) ⊗ R(G) by using the evaluation of the character components. For x ∈ K G (F G, * ), the evaluation x(g) of x at g thus belongs to the group K(F G, * ) ⊗ C.
Theorem 8.
The C-Lefschetz number of the isometry g with respect to the longitudinally elliptic pseudodifferential G-invariant operator P is given by the following fixed point topological formula:
Proof. We apply the Lefschetz theorem in the g-localized G-equivariant K-theory recalled in Section 1. We obtain
Therefore, if we apply the additive map (τ g C ) * to this equality, we get
But an easy inspection of the map (τ Finally, we point out that (Ind C ⊗ev g )(x) = (Ind C ⊗C)(x(g)), ∀x ∈ K G (C ∞ c (G X )) g . To end the proof we simply use Theorem 7.
Many applications of the cyclic Lefschetz theorem for foliated bundles can be deduced by immediate generalization of classical ones; see, for instance, [5, 4, 2, 24, 25] . When the Γ-invariant current C is, for instance, a Γ-invariant positive measure µ, we obtain as a byproduct the results of [24] .
In the case of invariant measures, all the results of the present paper can be generalized to the case where T is not necessarily a smooth manifold, and is now only a compact topological space on the one hand and to the case where the fixed point submanifold is not necessarily transverse to the foliation on the other hand. The definition of the normal vector bundle has then to be appropriately modified. Then the action is by homeomorphisms and the measure µ of interest is any positive measure that is invariant under the action of Γ. The characteristic classes that appear then in the Lefschetz formula must be replaced by longitudinal ones as in [10] . There is an important application of this situation which concerns the study of quasi-crystalsà la Bellissard, where the space T is a Cantor space. The image of the K-theory of the C * -algebra of the lamination (V, F ) under the
